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Abstract 

In this paper we study supercritical supcr-OU processes with general branching mechanisms 
satisfying a second moment condition. We establish central limit theorems for the super-OU 
processes. In the small and crtical branching rate cases, our central limit theorems sharpen 
the corresponding results in the recent preprint of Milos in that the limit normal random vari- 
ables in our central limit theorems are non-degenerate. Our central limit theorems in the large 
branching rate case are completely new. The main tool of the paper is the so called "backbone 
decomposition" of superprocesses. 
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1 Introduction 
1.1 Model 

Throughout this paper, d > 1 is a positive integer and 6 is a positive number. We use £ = {£t '■ t > 0} 
to denote an Ornstein-Uhlenbeck process (OU process, for short) on R d , that is, a diffusion process 
with infinitesimal generator 

L:=^a 2 A-bx-y. (1.1) 

For any x £ M. d , we use Tl x to denote the law of £ starting from x. The semigroup of £ will be 
denoted by {T t : t > 0}. 

Consider a branching mechanism of the form 

2 , / („~\x 



■0(A) = -a\ + /3A + / {e~ Xx - 1 + Xx)n(dx), A > 0, (1.2) 

J(0,+oo) 
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where a = — ip'(0+) > 0, (3 > 0, and n is a measure on (0,oo) such that 

/ x 2 n(dx) < +oo. (1.3) 

J(0,+oo) 

Let A4p(^ d ) be the space of finite measures on M. d . In this paper we will always assume 
that X = {Xt : t > 0} is a super-Ornstein-Uhlenbeck process (super-OU process, for short) with 
underlying spatial motion £ and branching mechanism ip. We will sometimes call X a (£, ?/;)- 
superprocess. The existence of such superprocesses is well-known, see, for instance, [T2] . X is a 
Markov branching branching process taking values in MffR^). For any \x £ A^_p(R d ), we denote 
the law of X with initial configuration fi by P„. The total mass of the process X is a continuous- 
state branching process with branching mechanism ip. The assumption (jl .3[) implies that the total 
mass process of X does not explode. Since we always assume that a > 0, X is a supercritical 
superprocess. 

Let ,8^(18^) be the space of positive, bounded measurable functions on R d . As usual, (/, /j) := 
/ f(x)n(dx) and := Then for every / £ £^(]R d ) and /U £ A^F(K d ), 

-logP /1 (e-^) =(u f (;t),fi), (1.4) 

where Uf(x,t) is the unique positive solution to the equation 

u f (x,t) + U x [ ^(u f (^,t-s))ds = U x f^ t ). (1.5) 

JO 

In addition, we assume that ip(oo) = oo which implies that the probability of the extinction 
event £ := {lim£_ 5 . 00 ||-X"t|| = 0} in strictly in (0, 1), see for example the summary at then end of |21^ 
Section 10.2.2]. Since tp is convex with ip(0) = 0, i()(oo) = oo and ip'(0+) < 0, tp has exactly two 
roots in [0, oo); let A* be the larger one. We have 

P„(lim \\X t \\ = 0) = e~ x * M . 

t—^oo 

Using the expectation formula of \\Xt\\ and the Markov property of X, it is not hard to prove 
that (see Lemma 13.11 for a proof), under P„, the process Wt = e -at ||A^|| is a positive martingale. 
Therefore it converges: 

W t -> Woo, P^-a.s. as t -> oo. (1.6) 

Using the assumption (|1.3p we can show that, as t — > oo, Wt also converges in L 2 (P M ), so is non- 
degenerate and the second moment is finite. Moreover, we have P A1 (W / DO ) = \\fj,\\ and {Woo = 0} = £. 

The purpose of this paper is to establish central limit theorems for the super-OU process. More 
precisely, we want to find At and Ct, for suitable test functions /, such that Ct({f,Xt) — At) 
converges to some non-degenerate random variable as t — > oo. It turns out that Ct is determined 
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by the second moment of (/, Xt) which depends on the sign of a — 2^{f)b, where 7(/) is a quantity 
to be defined later. 

There are many papers studying laws of large numbers for branching processes and superpro- 
cesses. For example, see [21 for branching processes, and [T6j[13l[23] f° r superprocesses. For 
super-OU processes with binary branching mechanism, the following weak law of large numbers 
was proved in [16]: 

e~ at (/, X t ) -> (/, <p) Woo, in probability (1.7) 

where / £ C^"(R ). When (f,<p) = 0, it is natural to consider central limit theorems for (f,Xt), 
that is, to find a normalization Ct so that Ct (/, Xt) converges to a non-degenerate Gaussian random 
variable as t — > oo. For branching processes, there are already papers dealing with central limit 
theorems. In 1966, Kesten and Stigum [20] gave a central limit theorem for multidimensional 
Galton- Watson processes by using the Jordan canonical form of the expectation matrix M. Then 
in [UG3E], Athreya proved central limit theorems for multi-type continuous time Markov branching 
processes; the main tools used in [H [51 [6] are also the Jordan canonical form and the eigenvectors 
of the matrix Mt, the mean matrix at time t. Recently, central limit theorems for branching OU 
particle systems and for super-OU processes were established in [1] and [25] respectively. However, 
the limiting normal random variables in the central limit theorems in [TJ [2S] (see [TJ Theorems 3.2 
and 3.6] and \25\ Theorems 3 and 4]) may be degenerate (i.e., equal to zero), so the central limit 
theorems in [lj [25] are not completely satisfactory. 

In this paper, we sharpen the results of [25] and establish central limit theorems for super-OU 
processes which are more satisfactory in the sense that the limiting normal random variables in our 
results are non-degenerate. The setup of this paper is more general than that of [25] in the sense 
that we allow a general branching mechanism as opposed to the binary branching mechanism in 
|25j . The only assumption on the branching mechanism is the second momemnt condition (|1.3|) . 
which is necessary for central limit theorems. 

We mention that we are following Athreya's argument for multitype (finite type) branching 
processes, also called multidimensional Galton- Watson processes, and show that Athreya's ideas 
for finite dimensional branching processes also work for super-OU processes, which can be regarded 
as an infinite dimensional branching process. The main tool of this paper is, similar to that of 
[25], also the backbone decomposition of supercritical superprocesses, see [8]. The main idea of 
the backbone decomposition is that a supercritical super-OU process can be constructed from a 
branching OU process (known as the backbone), in which particles live forever (known as immortal 
particles). After dressing the backbone with subcritical super-OU processes, we get a measure- 
valued Markov process, which gives a version of the super-OU process. Since subcritical super-OU 
process will die out in finite time, we can imagine that the limit behavior of super-OU process is 
determined by the backbone branching OU process. In this paper we prove that these intuitive 
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ideas work well. For the precise backbone decomposition, see Section 2.1. 

Using a similar argument, we can also sharpen results of [T] and establish central limit theorems 
for branching OU particle systems which are more satisfactory in the sense that limiting normal 
random variables are non-degenerate. 

1.2 Eigenfunctions of OU processes 

Recall that {Tt, t > 0} is the semigroup of the OU process £. It is well known that £ has an invariant 
density 

Let L 2 (ip) := {h : f Rd \h(x)\ 2 <p(x)dx < oo}. For hi,h 2 G L 2 (tp), we define 

{hi,h 2 ) v := / h 1 (x)h 2 {x)ip(x)dx. 

In this subsection, we recall some results on the spectrum in L 2 (tp) of the operator L defined in 
(jl.ip . more details can be found in [23]. For p = (pi,p 2 ,-" ,Pd) £ let \p\ = Ylj=iPj an d 
p\ = X\ d j = iPj^-- Recall the Hermite polynomials {H p (x), p G Z+}: 

H p (x) = (-i)bl e IHI a _g_ ( e -INI a ). (1.9) 

The eigenvalues of L are {—mb, m = 0, 1, 2...} and the corresponding are given by 

A m := Span{(/>p, \p\ = m}, (1.10) 

where 

Mx) = 7pm Hp ( v x ) • 

In particular, 0o,o,--- ,o0*0 = 1) ^(^O = where stands for the unit vector in the Xi direction. 

The function <p p is an eigenfunction of L corresponding to the eigenvalue — \p\b and therefore 

T t Mx) = e-\v\ bt *p p (x). (1.11) 

Moreover, the eigenfunctions {4> p {x), p G form a complete orthonormal basis for L 2 (ip). Thus 
every / G L 2 (ip) admits the following L 2 (ip) expansion: 

oo 

/(*) = E E a ^)> ( L12 ) 

m=0 |p|=m 

where a p = (f,cj) p ) v . Define 

7(/) := inf{n > : there exists p G with |p| = n such that a p ^ 0}, (1-13) 
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where we use the usual convention inf = oo. Define 

f(s)(x) Y a pM x )> f(c)( x ) = Y Y a pM x )> 

7(/)< m < Q /(2b) |p|=m m=a/(2b) \p\=m 

and 

oo 

f(i)( x ) = f( x ) - f( S )(x) - f( C )( x ) = Y Y a pM x )- 

m>a/ (2b) \p\=m 

In this paper we will use V to denote the function class 

V ■= {f g C(R d ) : there exists fcsN such that |/(x)|/||x|| fc ^ as ||x|| oo}. 
We easily see that V C L 2 (tp) and for / G V, there exists k £ N, 

|/(*)|<i + Nl fe , 

where we used the following notation: for two positive functions / and g, f(x) < means that 
there exists a constant c > such that f(x) < cg(x). 

1.3 Main results for super-OU processses 

In this subsection we give the main results of this paper. The proofs will be given in the later 
sections. In the remainder of this paper, whenever we deal with an initial configuration /i £ 
A / lp(W i ), we are implicitly assuming that it has compact support. 

1.3.1 Large branching rate: a > 2Jry(f) 
For each p S Z^, we define 

Hf-e'^-^i^Xt), t>0. 

Then one can show (see Lemma 13. II below) that, if a > 2\p\b, then under P^, H\ is a martingale 
bounded in L 2 (P A1 ), and thus the limit H%o := lim^oo Hf exists P^-a.s. and in L 2 (P A1 ). 

Theorem 1.1 // / 6 V satisfies a > 2j(f)b, then as t -> oo, 

|P|=7(/) 

Remark 1.2 When j(f) = 0, H® reduces to Wt, and thus = Woo. Therefore by Theorem \l.l\ 
and the fact that oo = (/, <p), we get that, as t — )• oo, 

e- at (f,X t ) -> Woo, mL 2 (P M ). 

In particular, the convergence also holds in ¥ ^-probability, so it implies the results in \16\j in the 
case of super-OU processes. Moreover, by (|1.6p . on£ c , we have 

\\X t \\~ 1 {f,X t ) ->■ (/, V?), in P ^-probability. 



5 



1.3.2 Small branching rate: a < 2j(f)b 
Let 



where 



poo 

a):=A e as ((T s f) 2 ,^)ds, (1.14) 
J o 

A := ^ (2) (0+) = 2/3+ / x 2 n{dx) < oo. (1.15) 

J(0,aa) 



'(0,oo) 

In the rest of this paper, ^4 will always stand for this constant. 

Theorem 1.3 If f £ V satisfies a < 2j(f)b, then a\ < oo and, under P M (- | £ c ), it holds that 



^e- at \\X t \\, ^=J *(W*, Gi(/)), t^oo, (1.16) 

where W* has the same distribution as conditioned on £ c and G\{f) ~ J\f(0,a 2 ). Moreover, 
W* and G\(f) are independent. 

Remark 1.4 Using the theorem above, we get that if a < 2^{f)b, then, under F^, we have 

e- <rf / 2 (/,X t )4G 1 (/)v^, 
where and G\ (/) are the same as in the theorem above. 

1.3.3 The critical case: a = 2j(f)b 
Define 

p):=A £ (a p ) 2 . (1.17) 

bl=7(/) 

Theorem 1.5 If f £ V satisfies a = 2j(f)b, then, under P„(- | £ c ), zf ZioZck i/iai 



l e "°'"- Yi11 ' ^m) A {w "' aM)l 4 -* °°' 

where W* has the same distribution as conditioned on £ c , G2U) ~ M(0,p 2 j). Moreover W* 
and (?2(/) « r e independent. 

Remark 1.6 Using the theorem above, we get that if a = 2j(f)b, then, under P„, we have 

r 1 /2 e -«*/2(/ > x t )4G 3 (/)v^, t^oo, 

where and G2(f) are the same as in the theorem above. 



Remark 1.7 Note that the limiting normal random variables in our Theorems \1.3\ and \1.5\ are 
non- degenerate. 



Remark 1.8 The results of I25f correspond to the case j(f) = 1 in the present paper. For the 
small branching rate case of \23] . the a'j in (3.1) there should be ( in the notation there ) 



coo 

a} = 2/3 J e~ QB (<p,(P?'f (■))*) ds, 
f{x) = f{x) — (/, (j>). It is easy to check that the sum of the last two parts of \25\ (3.1)] is 0, that is 

(<p, (-2/3(V- a f(.)f + 4a/3«(-, *))> ds = 0, 



where u(x,s) = Jq (P^-uKPu a f(')) 2 ]( x ) du. Furthermore, there is an extra factor /3 / a on the right 
side of ]25\ (3.1)] which should not be there. In the critical branching case of ]23] . there is also 
an extra factor /3/a on the right side of jl25\ (3.2)] which should not be there. The correct form of 
(3.2) there should be (in the notation of \25]) 



a f = 2/3 (xo (grad(f),<p)) <p(x)dx. 

With these minor corrections, the results of f25\] coincide with our Theorems \l.l[ HOI and \T75\ when 
7(/) = I- 

Combining Theorems 11.11 [L3l and [T31 we have the following expansion of (/, Xt): for any / 6 V, 
(f,X t ) = E a P e- {a - mb)t (<t> P ,X t )-e( a -^ bt 

7(/)<m<§ \p\=m 

+ Y, a p t^e~^(<P p ,X t ).V-te^ + (f (l) ,X t ) 
1*1=5 

£ a p U p (t) ■ e^ bt + £ a p U p (t).Vte at ^ + (f {l) ,X t ), (1.18) 
7(/)<m<§|p|=m |p|=f 

where 

Up[t) -\t-^e-^(^X t ), \p\ = f b . 

Further, if \p\ < then U p (t) = Hf converges to H%o, P M -a.s. and in L 2 (P M ); if \p\ = U p (t) 
converges in law to G2(<fi p )\/W 00 with G2{4> p ) ~ Af(0,A); e~ ( a / 2 )* (frn, X t ) converges in law to 
Gi(f {l) )VW^. 
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1.3.4 Further results in the large branching rate case 

In this subsection we give two central limit theorems for the case a > 2*y(f)b. Define 

Hoc ■= £ £ a p H^. (1.19) 

7(/)<m<a/(2fe) \p\=m 



Let 



0t ■= A Y l — Y al (1.20) 

Hf W ^ a-2mb ^ p K J 

j(f)<m<a/(2b) \p\=m 

In Section 3.3 we will see that /3| ^ = (Var$ x H OQ , (p). 

Theorem 1.9 If f £ V satisfies a > 2^{f)b and /( c ) = 0, then o~^j < oo. Under P M (- | £ c ), it 
holds that, as t — > oo, 

e- at \\X t \\, \\X t \\~ 1 ' 2 \(f,X t ) - £ e( Q - mfe )' £ a p Hp \ J A (W* , G 3 (f)), (1.21) 

7 (/)=m<a/(26) |p|=m / / 

where W* has the same distribution as conditioned on £ c , and Gs(f) ~ A/"(0,o"| + /?| ( ). 
Moreover, W* and Gs(f) are independent. 

Remark 1.10 If a > 2\p\b, then under P^(- | £ c ), it holds that, as t -> oo, 

.4 



where Gj ~ A/"(0, a _2| p | 6 )- ^ n particular, for \p\ = 0, we have 



-aill v II 11-^*11 eQ! *Woo \ d / TT r* ^ \ , . 

e ll^tll, 7==== ->• (Tr , G 3 ), i ->■ oo, 



w/iere G 3 ~ AT(0 



4 



Remark 1.11 Using the theorem above, we get that if a > 2^{f)b and fr c -\ = 0, i/ien under P^ ; 
we /iaue, as t — > oo, 

e- at ||X t ||, e"^ | (/,X t ) - £ e^-™ 6 )* £ a p IlA J 4 (Woo, y/wZG 3 (f)), 

\ 7 (/)<m<Qf/(26) |p|=m // 

where Gs(f) is the same as in the theorem above. 
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Theorem 1.12 If f E V satisfies fr c \ ^ 0, then, under P At (- | £ c ), zf /loZds i/iai, as t ^ oo, 
(e-^II^H, t-Vajl^H-Va [ - £ e^"^* £ o^g,] J 4 (VT, G 4 (/)), 

\ \ 7(/)<m<a/(26) |p|=m // 

(1.23) 

where W* has the same distribution as conditioned on£ c , andG^(f) ~ A/"(0, A Yl,\p\=a/2b{ a p) 2 ) ■ 
Moreover, W* and G±{f) are independent. 

Remark 1.13 Note that the limiting normal random variables in our Theorems \1.9\ and \l.l^ are 
non- degenerate. 

2 Preliminary 

2.1 Backbone decomposition of super-OU processes 

In this subsection, we recall the backbone decomposition of [8]. Define another branching mecha- 
nism ip* by 

V*(A) = tp(X + A*) 

= a*X + /3X 2 +[ (e~ Xx -1 + Xx)e- X * x n(dx), (2.1) 

where 

a* = -a + 2/3A* + f (1 - e~ x * x )xn(dx). 

It is easy to see that a* = (ip*)'(0+) = ip'(X*) > 0. So the (£, V>*)-superprocess is subcritical. Note 
that it follow from (|2.ip that the measure n* associated with tp* is e~ x * x n(dx), thus for any n E N, 
Jq 00 x n n*(dx) < oo. It follows from [81 Lemma 2] that the (£, ^-superprocess conditioned on £ has 
the same law as the (£, V>*)-superprocess. Let P* be the law of the (£, ?/>*)-superprocess with initial 
configuration fi, and define 

u* f (x,t) = -logP^(e-^). 

It was shown in [TT] that one can associate with {P| : x E a family of measures {N* : x E 
defined on the same measurable space as the probabilities {Pg '■ x E M. d } and satisfying 

N*(l - e"^>) = -logPj^e-^')) = u>(a;,t), (2.2) 

for all / E iS^P^) and £ > 0. Intuitively speaking, the branching property implies that is an 
infinitely divisible measure on the path space of X, that is to say, the space of measure- valued cadlag 
functions, B([0,oo) x Aip(W i )), and ()2.2[) is a 'Levy-Khinchine' formula in which N* plays the role 
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of its 'Levy measure'. The measures {N* : x G M. d } will play a crucial role in the forthcoming 
analysis. 

Let M a (R d ) be the space of finite atomic measures on R d . For v G M a (R d ), let Z = (Z t : t > 0) 
be a branching OU-process with initial configuration v. {Zt,t > 0} is an A4 a (M. d ) -valued Markov 
process in which individuals, from the moment of birth, live for an independent and exponential 
distributed period of time with parameter a* during which they move according to the OU-process 
issued from their position of birth and at death they give birth at the same position to an indepen- 
dent number of offspring with distribution (p n : n > 0), where po = p\ = and for n > 2, 




Pn = X*a* ' 
The generator of Z is given by 

F(s) = a *^Pn(s n -s) = ^(X*(l-s)). (2.3) 

n>0 

Z is refereed as the (£, F)-backbone in [8]. Moreover, when referring to individuals in Z we will use 
the classical Ulam-Harris notation so that every particle in Z has a unique label, see [18] , Let T 
be the set of labels of individuals realized in Z. Let \Zt\ be the number of particles alive at time t. 
For each individual u G T we shall write t u and a u for its birth and death times respectively and 
{z u (r) : r G [t u ,<t u ]} for its spatial trajectory. Now we describe three kinds of immigrations along 
the backbone Z as follows. 

1. Continuous immigration: The process J N * is measure- valued on R rf such that 

■ugT u/\T u <r<t/\a u 

(1 u r) 

where, given Z, independently for each u G T with r n < £, the processes X. ' ' are in- 
dependent copies of the canonical process X, immigrated along the space-time trajectory 
{(z u (r),r) : r G (t u , t A a u ]} with rate 2/3dr x dN* u(r) . 

2. Discontinuous immigration: The processes / p * is measure-valued on M. d such that 

jp* ._ j^-(2,w,r) 

«GT tAT u <r<tAcr u 

(2 u r) 

where, given Z, independently for each u G / with r n < t, the processes X. ' ' are in- 
dependent copies of the canonical process X, immigrated along the space-time trajectory 
{z u (r) : r G (r u , t A a u ]} with rate dr x J^^) ye~ x * y n(dy) x dPJ^ (r) . 



10 



3. Branching point biased immigration: The process I v is measure-valued on M. d such that 

tV _ -, v (3,u) 



where, given Z, independently for each u G T with a u < t, the processes X^' u ^ are indepen- 
dent copies of the canonical process X issued at time a u with law Py s where, given u 
has n > 2 offspring, the independent random variable Y u has distribution r] n (z u (r), dy), where 

Vn(dy) = — \ (3(\*) 2 5 (dy)l {n=2} + (AT^V^n^y) 



Now we define another .Mi^M^-valued process I = {/( : t > 0} by 

/ : = + jP' + r/ , 

where the processes / N * = {if* : t > 0}, I p * = {if* : t > 0} and P» = {2? : i > 0}, conditioned 
on Z, are independent of each other. We denote the law of I by Q„. Recall that f is the initial 
configuration of 

For /i G .A/f _F(M d ), let X be an independent copy of X under P* and be independent of /. Then 
we define a measure-valued process A = {A t : t > 0} by 

A = X + 1. (2.4) 

Note that Z, X and the three immigration processes above are defined on the same probability 
space. We denote the law of A by P^x^- When v is a Poisson random measure with intensity 
measure A*/i, then we write this law by P„. The following result is proved in [5]. 

Proposition 2.1 For any \i G M.p^ d ), the process (A, P At ) is Markovian and has the same law 
as (X,P M ). 

We will need the following <7-fields later on: 

T t = a(A s ,s<t), t>0, (2.5) 

Qt = a(A s ,Z s ,s <t), t>0. (2.6) 

2.2 Moments 

Now we use Laplace transforms to calculate the moments of X. We will omit some details, for 
these omitted details, see [12). For any / G V, we define 

u f (x,t,9) = -logF 5x (e-^ x ^), 
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then t 

u f (x,t,9) + U x f ^(u f (Cs,t-s,e))ds = eU x f(Ct). (2.7) 
J o 

Differentiating both sides of (|2.7p with respect to 9, we get 

uf\x,t,0) = e-^(°+)*r t /(x), (2.8) 
u J. 2 )( x ,t,0) = -V (2) (0+) y e-^^ 0+ ^*-')r t _ 8 [«j ( 1) (- J s,0)] 2 (a;)ds 

= -Ae at f e as T t . s [T s f] 2 (x)ds. (2.9) 

JO 

Let jU< := P A j(/, Xt). The moments are given by 
In particular, 

=P M (/, X t ) = (uf\x,t,0),^=e at (T t f, fJ ,), (2.10) 

P M «/,X t ) -fit) 2 = -(uf\x,t,0),v). (2.11) 

Recall that Xt is defined in Section 2.1. It is a subcritical superprocess with branching mech- 
anism V*(A) = V(A + A*). Thus (-(/>* ) (m) (0+) = V (m) (A*) exists for all m > 1. For any f eV,we 
define 

= -logP & (e-^>). (2.12) 

Then 

u* f (x,t,9)+U x [ r(u}^ s ,t-s,e))ds = eU x f(Ct). (2.13) 

JO 

Differentiating both sides of (|2. 12[) with respect to 9, we have 

(u»«(x,i,0) = e-^Ttfix), (2.14) 

K)( 2 >(a;,t,0) = -(^*)( 2 )(0+) /" e-^'^^r^^jWC-.a.O)] 2 ^ 

Jo 

= -(^*)( 2 )(0+)er<*** f t e - a * s T t _ s [T s f] 2 (x)ds, (2.15) 



Jo 

(^)( 3 )(x,t,0) = -(t/,*)( 3 )(0+) ^e-^K^W^f-^O)] 3 ^)^ 



o 



3(VO (2) (0+) / e-«* s T s [((^)( 1 )K / )( 2 ))(.,t- S ,0)](x) ( i S , (2.16) 



o 



and 



(u})W(x,t,0) = - I e~ a * s T s [J(;t-s)](x)d S , (2.17) 
Jo 
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where 



J(x,t) 



(^)( 4 )(0) ((n* f )( 1 )) 4 + 6(^)( 3 )(0) ((«»«) 2 («»W 
4(^)^(0)(u}) (1) (u}) (3) +3(^*) (2) (0) ((n}) (2) ) 



(x,t,0) 
x,i,0). 



By (|2.12p . the moments of X are given by 
In particular, we have 

P M ((/,X t ) -P M (/,^}) 2 = -((n})( 2 )(x,t,0),/i). 

P M ((/,X t ) -P M (/,X t )) 4 = -((n})( 4 )(x,i,0),/,) +3((u})M(x,t,0),^ 
2.3 Estimates on the semigroup T t 



(2.18) 
(2.19) 

(2.20) 



Recall that £ = {£j : i > 0} is the OU process and {Tt} is the semigroup of £. It is well known 
that under II X , £t ~ J\f(xe~ bt , of), where of = o 2 (l — e _2W )/(2o). Let G be an Revalued standard 
normal random variable, then using (a + b) n < 2 n (a n + 6 n ), a > 0, 6 > 0, we get 

(2.21) 



r t (|| • |D(x) = E(\\a t G + xe- bt \\ n ) < 2 n [(a/V2b) n E(\\G\\ n ) + \\x\\ n 
Using this, we can easily get that 

T t (l + || • |P)(x) < c(n)(l + ||x|| n ), 
where c(n) does not depend on t. 

Lemma 2.2 For any / € L 2 (ip), we have that, for every x € R d , 

oo 

«=7(/) |p|=" 

bl=7(/) 

Moreover, there exists c > such that for t > 1, 

\T t f(x)\ < ce-~<^ bt e^ M \ x G R d . 



(2.22) 



(2.23) 
(2.24) 

(2.25) 
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Proof: For every / G L 2 ((p), using the fact that tp(x) is the invariant density of £ we get that 

<p(x)(T t \f\(x)) 2 dx< j <p(x)T t [\f\ 2 ](x)dx = j \f(y)\ 2 ip(y)dy<oo, (2.26) 

so T t f(x) G L 2 (ip). Moreover, by the fact £t ~ Af(xe~ bt ,a 2 ), T t \f\(x) is continuous in x. Thus 
Tt\f\(x) < oo for all x G M. d . (|2.26|) implies that 7} is a bounded linear operator on L 2 (ip). Let 
= En=oE| P |=n a p^p( x )- Since /fc / in ^ 2 (v): we have T t / fe ->■ T t / in L 2 (<^), as A; -> oo. 
By linearity, we have 

n=0 y|p|= n 

We claim that the series X^^o e_n6 * (/C|p|=n a p^p( x )j ^ s uniformly convergent on any compact 
subset of R d . Thus ^^L e~ nbt (j2\p\=n OLp<t> p {xyj is continuous in x. So for all x G M d , 

/ N 

n=0 y|p|= n 

Now we prove the claim. In fact, by Cramer's inequality (for example, see \15\ Equation (19) on 
p. 207]), for all p S Z| we have 

\M X )\ <Ke^ M \ (2.27) 

where K is a constant. So we only need to prove Y^=o e~ nbt (j2\ P \=n l a pl) < 00 • By Holder's 
inequality, 

/ \ / oc \ 1/2 / oo \ 1/2 

E e ~ n6t Eki < E K ^~ 2nbt E Ew 2 > ( 2 ^) 

n=0 \|p|=n / \n= 7 (/) / \n= 7 (/) |p|=n / 

where iT n = ("J^ 1 ) = (t{P G z + : bl = n l- Since K n < (n + d) d , we have that E£°= 7 (/) K n e~ 2nbt < 
oo. Using the fact that {4> p (x), p G Zi} form a complete orthogonal basis for L 2 ((p), we get 
X^ 7 (/) S|d=fi l a p| 2 = / f( x )\f( x )\ 2 dx < oo. Therefore the claim is true. 
By (I237j) and ([238]) . for i > 1, we have 

(oo \ 1/2 OO 

E^ +7(/) e- 2 " 6 (E E K\ 2 ) 1/2 Ke^ 2 (2.29) 
n=0 / n=7(/) |p|=ra 

Therefore, for i > 1, 

\erW* Tt f(x)- E ^0*01 = ^ w |T t /(x) - e^ 6 * £ a p p (x)| 
bl=7(/) bl=7(/) 
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Tt(f - ^2 a p<t>p)(. x ) 
\v\=iU) 



< 



which implies (|2.24p . The proof is now complete. 
For p G Zi, we use the notation f(P\x) :- 



(2.30) 

□ 



-^pjf(x). Define 



V* = {/ G C°° : f {p) G P for all p G Z^}. 
It can be easily shown that, for any / G V, Ttf(x) £ "P*. 

Lemma 2.3 For any / G and p G Z+ satisfying < |p| < 7(/), we /iaue j(f^) > 7(/) — 
Proof: By the definition of (f) p and 93, it is easy to check that 

<^(*Mx) H-i) b W p) (*), 

:\H/2 



1 2\IPI/^ 

where c p = —j == ^irj • integrating by parts, we get 



f(x)4>p(x)(p(x) dx = c 



x) dx. 



(2.31) 



Thus 



,(/«)- tof{*: there exists p such that W -t and f ^M,)*^). 

Hence if < 7(7) — we have J Rd f^ p+p '\x)ip(x) dx = 0, which implies 7(/^) > 7(/) — n 
In the following lemma, we give another estimate for Ttf, which will be very useful later. 

Lemma 2.4 For every f G V, there exist r G N and c > such that 

erW\ Tt f(x)\ <c(l + H r ), (2.32) 

e 7(/)W T i /(x) - ^ a P P (x) < ce- fe *(l + ||x|| r ). (2.33) 
bl=7(/) 

Proof: Let g(x) = Ti/(x)g V* ■ Then 7(g) = "f(f) and there exist k G N and ci > such that, for 
\p\ = 0,1- •• ,7(/), |g (p) (^)l < ci(l + ||x|| fc ). For x = (xi,x 2 --- ,x d ) G R d , we define x p := Ui=i x T- 
Then for s > we have 

T s g(x) = T s [g{-+xe- bs W) 

7(/)-l 

g(. + xe- bs )- £ E ^(O^e-^/p! (0) 

m=0 |p|=m 
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7(/)"l 

+ E E T s lg^](0)xVe- mbs /p\ 

m=0 \p\=m 

= w + m 

It follows from and the fact that l{9 [p) ) > lid) ~ 

we have 

sup < oo. 

s>0 



Thus 



7(/)-i 



| (//) | < e ~l(f)bs £ £ ^1 < e -7(/)6 S (l + || x ||7(/)). 
m=0 |p|=m 

Using Taylor's formula and the fact 

\g (p) {x)\ < 

1 + ||x|| fc , we get 

7(/)-i 

g(y + xe- bs )- £ 9 {p) (y)x p e- mbs /pl 



m=0 \p\=m 



bl=7(/) 

< (l + \\y\\ k + \\x\\ k )\x\^e~^ bs , 



where 6 is a point on the line segment connecting y and y+xe bs . Then by the fact that T s [||-|| fc ](x) < 
1 + ||x|| fc , we get sup s>0 T s [|| • || fc ](0) < oo. Therefore, we have 



|(/)|<(l + ||x 



\k+~i(f)\ e -lU)bs 



Consequently, 



e^ bs \T s g\(x)<l + 



|fc+7(/) 



Let r± = k + 7(7"). For t > 1, combining T t f{x) = T t -\{g){x) with the above inequality, we arrive 
at (|2321) for t > 1. For t < 1, 

e 7(/)«|T t /(a;)| < e 7(/)6(i + Ua-u*) < 1 + 



so (|'2.32p is also valid. 

It follows from ()2.32|) that there exists T2 G N such that 



T t f(x)-e~^ bt £ a^x) 
bl=7(/) 



< 1 + Ik 



\r-2 



Now (|2.33|) follows immediately. 

From the above calculations, we have 



□ 



Lemma 2.5 Let f eV. 



1(3 



(i) Ifa< 2 7 (/)6, then 

lim e^ a ^ t W 5 J(f,X t )) = 0, 



t— >co 

lhne- at Yar Sx {f,X t )=al (2.34) 

t— >oo J 

where Yarg x stands for the variance under ¥g x and a 2 is defined in (|1.14|) . 
(ii) If a = 2^f(f)b, then 

lim r^e-W^P^ ((/, X t )) = 0, (2.35) 

t— >oo 

and there exists r G N such that 

\t- 1 e-°*Var Sx (f,X t )\ < 1 + |M| 2r (2.36) 

and 

\r l e- at Yar Sx {f,X t ) - p}\ < ^(1 + ||x|| r ), (2.37) 
which in particular implies that 

lim t- 1 e- at Var Sa (/, X t ) = p}, (2.38) 

where p 2 is defined in (|1.17p . 
(Hi) If a> 2j(f)b, then 

lim e-^^YarsM, X t ) = V j(x), (2.39) 

where 

poo 



rfi(x) = A J™ e -(<*-W)b> Ts a p <j>A (x)ds. 



\p\=iU) 



(2.40) 



Proof: It follows from and (l2~TT]l that 

VarsM,Xt) = Ae at f e as T t ^ s [T s f] 2 (x)ds = Ae 2at f e - as T s [T t . s f]\x)ds. (2.41) 
J o J o 

(i) If a < 27(/)6, by Lemma [121 we have lim^oo e^ bt T t f(x) = Yl\p\= 7 (f) a p<l>p{ x )- Thus 
lim e-^FsM^t) = lim e^ 2 ^ b W 2 [e^ bt T t f(x)} = 0. 

t— >oo x t—>-oo 

It follows from Lemma 12.41 that there exists r E N such that e 1 ^ bs \T s f \ (x) < 1 + ||x|| r . Using 
(1232]) . we have 

T t _ s [e^) fes r s /] 2 (x) <l + ||x|| 2r . (2.42) 

Thus e QS Tt_ s [T s /] 2 (x) < e( Q ~ 27 ^) b ) s (l + ||x|| 2r ). Hence by the dominated convergence theorem, we 
get 

rt roo 

lim / e as T t „ s [T s f] 2 (x)ds = / e as ((T s /) 2 , 99) ds, 
Jo Jo 
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which implies (|2.34p . 

(ii) If a = 2 7 (/)6, then by we have 

t- 1 e- at Yar Sx (f,X t )=At- 1 I T t . s [e^ bs T s f] 2 (x) ds. 

Jo 

By Lemma E31 there exists r £ N satisfying (f2732|) . (f2~33|) and 

| ^2 a p (j) p (x)\ < 1 + ||x|| r , 
bl=7(/) 



(2.43) 



which follows from the fact that (fi p (x) is a polynomial. Then by (|2.32p and (|2.43p . it is easy to get 
(|2~36j) . 

Let h(x) := (Jjp|= 7 (/) a p <^ p (x)) 2 . Then we have 
|(e^T s /(x)) 2 -/>(*)! 



< 



e 7(f)bs TJ ( x) _ J- a p 4> p (x) 
bl=7(/) 



bl=7(/) 



Since "y(h) = and J2\ P \=^(f) a p = {h, v)> by (I2.33f) . there exists r'eN such that 



T t ^ s h(x) 



£ 4 

ll»l=7(/) 



< 



(2.44) 



Let tq = max(2r, r'), then 



T t . s (e^T s f)\x) - £ 4 

bl=7(/) 



< T t _ s \(e^ bs TJ(x)) 2 -h(x)\ + 

< (e~ bs + e~ b ^)(l + 



T t ^ s h(x) - a 2 p 
bl=7(/) 



It follows that 



] f \T t _ s {e^ b °T s f)\x) - Y. 4\ ds 



bl=7(/) 



< 



/ t (e-^ + e-^))(l + ||x|ro)d S < rl(i + 



(2.45) 



Then (|2~371) follows from (pQ3l) and (|2~251) . 

(iii) If a > 27(/)6, then by (f2"H|) . we have 



e- 2 ( a -7(/) 6 )*Var as (/,X t ) = 4 / e-^-^^^^T.^^-^Tj.,/] 2 ^) ds. 

J o 



IS 



By Lemma E31 there exists r E N such that [e 7(/)b( *- s) Ti_ s /(x)] 2 < c(l + ||x|| 2r ). Thus 

T s [e^ b ^T t _ s f]\x) <l + ||x|| 2r . 
Now by the dominated convergence theorem and (|2,24p . we have 



lim 

t— >oo 



f t e -( a - > rf/)l), Tt[e7 (fl»M TM/ ]2( s ) (i(| = A r e -(«-W). T( ( V Op^ (x)cfe. 
7 ° 70 \bl=7(/) / 



The proof of (hi) is now complete. □ 

According to [8], under P^, we have that, conditioned on Tt (see (j2.5j) ) . the backbone Zt is 
a Poisson point process with the intensity A*A^. In particular, Zq = N5 X , where TV is a Poisson 
random variable with parameter A*. Then we have 

N 

At = X t + ^24, (2.46) 

3=1 

where P,j = 1,2, ... are independent copies of I under Qg x and are independent of N. The hrst 
moment of I can be calculated by 

P Sx (f,A t ) = P Sx (f,X t ) + X*Q Sx (f,I t ). (2.47) 

Thus 

vt ■= QsAfJt) = ^ (Pi,(/,A t ) - P*«</,X t >) = ^(e at - e- att )T t f(x). (2.48) 

For the second moment, let \ar$ x stand for the variance under and V$ x stand for the variance 
under . By (|2.46p , we have 

Var 5x (/, A t ) = Var Sx (/, X t ) + \*Q &X (/, I t ) 2 . 

Thus 

QsAfJt) 2 = ^(VarsAf,X t )-VarsAf,X t ))- (2.49) 
Corollary 2.6 Let {It}t>o be the process described in the Subsection 2.1 and f € V ■ 
(i) Ifa< 27(/)6, then 



lime -(a/2) tQ ((/)/t)) = 0) (2-50) 
t— >oo 

lim e- at Ws x (f,It) = - / e as ((T s f) 2 ^)ds = -f (2.51) 
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(ii) Ifa = 2-y(f)b, then 

lim t-V2 e - W2)*Q & ((/, /,)) = 0, (2.52) 

i— >oo 

and i/iere exists r G N swc/i £/ia£ 

It-V^a^l^l + W^ (2.53) 

and 

^(l + ND, (2-54) 



IpI=t(/) 



which in particular implies that 

t->oo A 



limt' 1 e~ at Y Sx (fJt) = ^ E 4 ( 2 - 55 ) 



bl=7(/) 
(raj //a > 2j(f)b ) then 



^ e -2(a-,(f) b )t YsMJt) = ^l_ 1 ( £ a^s)) 2 . (2 .56) 

(A j H=7(/) 

Proof: Using f|2.46[) and Lemma 12.51 we can easily obtain the corollary. Here we just give the 
proof of ([MI]). By (|2^9D . we have 

e- at Y 5x (f,It) = ^e~ at Yar 5x (f,X t ) - l e -°*Var* B </, X t ) - e^Q^/, J t » 2 . (2-57) 
Using and (j2T9|) . we have 

Var fe (/,X t ) = (V/)"(0+)e- Q ** / e - a * s T t _ s [T s f} 2 (x) ds. (2.58) 

JO 

By the fact that there exists r G N such that |T t /(x)| < l+||xf, we get T t _ s [T s /] 2 (x) < (l + ||x|| 2r ). 
Thus 

Vars x (f,X t )<e~ aH (l + \\x\\ 2r )^0, t -> oo. (2.59) 
By ([138]), |Q*.(/,/t)| < e Qt |T t /(x)| < e («-r(/W*(l + || x f), thus we have 

lim e~ at (Q Sx (f,I t )) 2 < lim e («-»?(/)6)t(i + || x f ) = . (2 . 60 ) 

t— >oo t— >oo 

Now, using ([2~MD . (f239l) and (p30l) . we easily get (123TD . □ 

Lemma 2.7 For / G V, it holds that 

P M ((/, X t ) - P At (/, X 4 » 4 < (1 + \\xf r , fi) + (1 + ||x|| 2r , ^/) 2 . (2.61) 

Proof: By ([2T32]) . there exists r G N such that \T t f(x)\ < l + ||x|| r . So by fl2~Ti]) . |(^)W(x,i,0)| < 
1 + ||x|| r . By (12391) and (l2~T9|) . we have \{u* f )W (x,t,0)\ < 1 + ||x|| 2r . Thus using (l2~T6l) . we get 
|(n})( 3 )(x,t,0)| < 1 + ||x|| 3r . Then by ([2~TTj) . we have |(u* )< 4 ) (x, t, 0)| < 1 + ||x|| 4r . Now (l23Tj) 
follows immediately from (|2.20p . □ 
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3 Proofs of the main theorems 



In this section, we will prove the main results of this paper. Recall that we assume that the initial 
measure \i is a finite measure on W 1 with compact support, and that (X^,P^) and (At,P^) have 
the same law. Thus in the remainder of this paper, we will replace (Xt,F^) by (At,P M ). Define 

C t = {u£T,r u <t < a u }, t > 0. 

From the construction of At, we have 

A (t+s) =X*+^/^, (3.1) 

ueCt 

where, conditioned on Qt, X is a superprocess with the same law as X under and has the 
same law as / under Q Zu (t)- The processes I u,t ,u S Ct, are independent. 

3.1 The large rate case: a > 267(7) 
Recall that 

H P = e-( a -\^ t ( ( /> p ,X t ), t>0. 

Lemma 3.1 Hf is a martingale under F^. Moreover, if a > 2\p\b, we have sup t F^(Hf) 2 < 00, 
and therefore the limit 



H^:=]hnHf 

t— >oo 



exists F^-a.s. and in L 2 (P M ). 



Proof: Since 4> p is an eigenfunction of L corresponding to — \p\b, by (|2.1U|) . we have F^Hf = 
(4> p ,n). Thus, by the Markov property, we get that H\ is a martingale. Using (|2.10p and (|2.1ip . 
we get 

F^Xt} 2 = e^-^i^fi) 2 + Ae at [ f e^- 2 ^ s T t ^ s [<p 2 ](x) dsfi(dx). 

JM. d JO 

Thus when a > 2\p\b, we have by the definition of Hf, 

F,(H?) 2 = ^tf + Af f\-^- 2 \^ s T s [cj^{x)ds^dx) 

JM. d JO 

< (c/> p ,ri 2 + A / e-^- 2 \^ s T s [^ 2 p ]{x)ds^dx). 

jR d Jo 

Since \<f$\ < 1 + ||z;|| 2|p| , by ([222]), we have |T a [^](x)| < 1 + |M| 2|p| . Thus 

f' f'OO f' 

/ / e-^ 2 W b >T s l<p 2 p ](x)d Sf i(dx) < / (l + \\x\\ 2 M)fi(dx)<oo, (3.2) 

jR d Jo JR d 
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from which the convergence asserted in the lemma follow easily. □ 
We now present the proof of Theorem II. H 

Proof of Theorem ED Define M t := e'^^^ (/, X t ), where 

oo 

j(x) = f(x)- ^2 a p4> P ( x ) = a pM x )- 

H=7(/) "=7(/)+l \p\=n 

It is clear that 7(/) > 7(/) + 1- From Lemma 12.51 and ()2.32p . we have 

(1) If a > 2 7 (/))6, then 

lim e-^ a -^ b ^FJf,X t } 2 (3.3) 

t— >co 

exists, thus we have 

p^M 2 = e - 2 (7(/)-7(/))W e -2(a- 7 (/)6) t ) p ^ ( J )Zt) 2 
= 0(e- 2(7( ^- 7(/))w ) -> 0, ast^oo. 

(2) If a = 27(/)6, then linn,^ t -1 e -at P M (/, X t ) 2 exists. Thus we have 

F,M 2 = te- 2 ^-^\r l e- a %(lx t )') 

= 0{te- 2 ^-^ f))t ) -> 0, ast^oo. 

(3) If 2 7 (/)6 < a < 2 7 (/)6, then lim^oo e" Qi P M (/, X t ) 2 exists. Thus we have 

F^M 2 = e-^-^^ie-^F^lXt} 2 ) 

= 0{e- {a ~ 2 ^ mt ) ^ 0, ast^oo. 

Combining the three cases above, we get lim^oo Mt = in L 2 (P^). Now using Lemma 13.11 we 
easily get the convergence in Theorem II .11 □ 

3.2 The small rate case: a < 2 7 (/)6 

First, we recall some property of weak convergence. For / : F, d — > K, let ||/||l := sup^.^^ \ f(x) — 
f(y)\/\\x - y\\ and \\f\\BL ■= ||/||oo + ||/||l- For any distributions vi and v 2 on R d , define 



/3(^i, v-i) := sup 



fdui- f du; 



BL 



< 1 



Then (3 is a metric. By [9l Theorem 11.3.3], the topology generated by this metric is equivalent to 
the weak convergence topology. From the definition, we can easily see that, if v\ and v<i are the 
distributions of two Revalued random variables X and Y respectively, then 



Piyi, V2) < E\\X - Y\\ < y/E\\X - Y\\ 2 . (3.4) 
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In the following, we will use the following elementary fact: If X is a real- valued random variable 
with E\X\ n < oo, then 



E(e 



i9X 



E 

m=0 



(iexy 



< 



\0\ 



n 



\n + l 



which is an immediate consequence of the simple inequality 

r| n+1 2|x| 



A (ix) 

Z—/ r ]m \ 



m=Q 



< min 



[n + 1)! ' n 



Now we are ready to prove Theorem 11.31 

Proof of Theorem II. 3t We define an IR 2 -valued random variable U\ (t) by 



Uxit) := (e 



-at 



t ,e 



~ {a/2)t (f,At))- 



To get the conclusion of Theorem 11.31 it suffices to show that under P M , 

l7i(t)4(Woo,V^G r i(/)). 
where G\(f) ~ W(0, a 2 ). Let s,t > and write 

U^s + t) = ( e -^+*) \\A s+t \\,e~^ s+t Hf,A s+t )). 

Recall the representation (|3.ip . Define 

Y s ^:=e- as / 2 (f,I^) and :=PJY^\g t ). 



Ys' 1 has the same law as Y s := e as ^ 2 (f, I s ) under 



Then we have 



-(a/2)(s 
-(a/2)(s 



+t) (f, Xt) + e~ {a/2)t Y ^ 



= e-( Q / 2 )^)((/,X*)-P / ,((/,X*)|^) 

+e -(«/2)* J2 (Y^ - y u /) + e-^^P.df, A s+t )\Gt) 

=: J (s,t) + J 1 {s,t) + J 2 {s,t). 

Put V B (x) := Var 5x {f,X s ). Then 

P^Jo(s,t) 2 = e- a ^P^(V s ,A t ) = e- as (T t V s ,v). 

By ([232D, there exists r £ N such that V s (x) < e~ Q * s (l + ||x|| 2r ). Thus 

P^Jo(s,t) 2 <e~ as e~ a * s [ (l + \\x\\ 2r )v(dx). 



(3.5) 



(3.6) 



(3.7) 



(3.8) 



(3.9) 



(3.10) 
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Next we consider J 2 (s,t). By the Markov property and (|2.10p . we have 

J 2 (s,t) = e-^ s+t h as (T s f,A t ). 
Thus, by and (gJUj) , we have 

P^J 2 (s,t) 2 = Ae as [ [\ au T t _ u [T s+u f] 2 (x)dufj,(dx) + e a ^(T t+s f,fi) 2 

JR d JO 

< e (a-2-y(f)b)s f (l + || x ||2r )/i(dx ) ) (3J1) 

here the last inequality follows from the fact that there exists r £ N such that 

|T s+u /l(x)<e-^" +s )(l + ||x|r). 
Thus by ([3TTUD and (l3TT|) . we have 

lim limsupP At (J (s,t) + J 2 (s,t)) 2 = 0. (3.12) 

Now we consider J\(s,t). We define an M 2 -valued random variable U2(s,t) by 

17 2 (M) := (e-^HAtll.JiCs,*)). 

We claim that under P M , 

U 2 (s,t)A(W 00 ,y / W^G 1 (s)), ast^oo, (3.13) 

where G\(s) ~ A/"(0, cr 2 (s)) and <r 2 (,s) will be given later. Denote the characteristic function of 
U 2 (s,t) under P M by k(9\, 9 2 , s, t): 

K(e u 9 2 ,s,t) = P M ^exp|^ ie - a iA t ||+^ 2 e-( a / 2 )* ^ (Y^ - yf)jj 

= P M (exp{^ ie - Q *||A t ||} Yl h s (z u (t) } e-^%)\ 

= P, 1 (exp{i0 1 e- at ||A t ||}e 3 q>{A*(/ la (-, e"^ 2 ^) - 1, A t )}) , (3.14) 

where h s (x,9) = Qg x e t9 ^ Ya ~ <! ^ 6xYs \ The last equality in the display above follows from the fact that 
given At, Zt is a Poisson random measure with intensity A*A^. Define 

e s (x,9) : =h s (x,9)-l + ^9 2 Y s Y s 

and V s (x) :=Y S Y S . Then 

e W {\*(h s (; e-^ 2 ^ 2 )-l,A t )} = exp|-A*^ 2 e- Q '(F s ,A t )|exp{A*(e s (-,e-( Q / 2 )^ 2 ),At)} 
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= Ji,i(s,t)J 1)2 (s,t). 

By (|3.5p . we have 

\e s (x,e-^%)\ <9*e- at ®s x [\Y S - QsY^ C'^^f = ^ A 1)) . 

Let 

c/(x,s,t) :=q 5:c |y,-Qj,y,r( - — a i) 1 . 

We notice g(x,s,t) I as i f oo. By (|2.10p . 

P M |( es (.,e-( Q / 2 )^ 3 ),At)| <0| (T t ( 5 (- )S ,t)), // ) 0, as t -> oo. 

Thus lim i _ s>00 (e s (-, e _ ( Q / 2 ^02) 5 A 4 ) = in probability, which implies lim^oo Ji,2(s,i) = 1 in proba- 
bility. Furthermore, by Remark II .2| we have 

lim e~ at (V s , A t ) = (V s , (p)Woo in probability, 

t— >oo 

which implies that lim^oc Ji^(s,t) = exp j — ^6 , 2 cr /( s )^ / oo|i where 0" 2 (s) := A*(V r s , y?). Thus 

Um exp {A*(M-, e" (a/2)i e 2 ) - l,A t )} = exp |-i^oJ(a)Woo| in probability. (3.15) 
Since h s (x,0) is a characteristic function, its real part is less than 1, which implies 



< 1. 



exp{A*(/a-, e-( a / 2 )*0 2 )-l,A t )} 
Hence by the dominated convergence theorem, we get 

lim K(6 u 8 2 ,s,t) = P fl exp{i0 1 W oo }exp\-l9%a 2 f (s)W oo \ , (3.16) 

t— too I Z J 

which implies our claim (|3.13p . Thus, we easily get that under P M , 

U 3 (s,t) := (V Q ('+ S ) || A t+S iJ^s, i)) -4 (Woo, Vw^Gx(s)), as t -> oo. 

By (|2.5ip , we have lim s ^oo V^(x) = thus lim^oo <7y(s) = cr^. So 

Iim/3(Gi(*),Gi(/)) = 0. (3.17) 

s— >oo 

Let £(s + i) and J£(s,t) be the distributions of C/i(s + t) and 1/3(5, i) respectively, and let £(s) 



and £ be the distributions of (Woo, \/W^Gi(s)) and (Woo, VWooGi (/)) respectively. Then, using 
(|3.4p . we have 

limsup /3(£(s + t), £) < limsup[/3(£(s + £(s, t)) + /3(£(s, i),£(s)) + /3(£(s), £)] 

i— >oo t— >oo 
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< limsup(P At (J (s,t) + J 2 (s,t)) 2 ) 1/2 + + /3(£(s),£). (3.18) 

t— >oo 

Using this and the definition of limsup^^, we easily get that 

lim sup p (£(t),£) = limsup/?(£(s + t),C) < limsup(P M ( J (s, t) + J 2 (s, t)) 2 ) 1/2 + /3(C(s),C). 

t— >oo t—>oo t— >oo 

Letting s — > oo, we get limsup^^ f3(£(t), C) = 0. The proof is now complete. □ 
3.3 Proof of Theorem [TT9l 

In this section we consider the case a > 2~/(f)b and /( c ) = 0. Recall the decomposition of At under 
in (|2.46p . we have for \p\ = m < a/ (2b), 



N 



(3.19) 



Let 



Then under P^ , the processes {e~( a ~ mbS,s ((j) p , Ii), s > 0}, j = l,2... are i.i.d. with a common law 
equal to that of {Hs,s > 0} under Qg x . Since 4> p is an eigenvalue of L corresponding to — \p\b, we 
have 

Pi, {cf> p , X s ) = e-^+^^ix) -)■ 0, as s -> oo. (3.20) 
Thus, by (|2.59p . we have that as s — > oo, 



P^ p ,X s )) 2 < e -^(l + ||z|| 2 H)^0, 



(3.21) 



which implies hrm^ e'^-^ 3 ((f) p , X s ) = in L 2 (¥ 8x ). By Lemma EH lim^oo-H? = in 
L 2 (P 5 J. Thus 



N 



lim ^ e-( Q - mfc ) s (0 p , I|) = 1%, in L 2 (P, 



(3.22) 



From the fact that N is independent of P , we have for any s, t > 0, 

A' 



J =1 

> P fe [( e -( a - m ^(^,/ s )- e -( Q - mb )*(^,/ t )) 2 ;iV= 1] 
= P^(iY = l)Q & (^-£f) 2 . 



By (fH^Zj) . we get for any x G M d , 



XHP-Hff^O, s,t -+oo. 



(3.23) 
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Thus converges in L 2 (Qs x )- Let 

fl£,:= lira HP in L 2 (Q Sx ), 

s— >oo 

which implies := lmi s _ 5 . 00 (</> p , I^ e ~^ a ~ mb ^ s exists in L 2 (Ps x ). Furthermore, H^, under P^, 
are i.i.d. with a common law equal to that of H%o under Qs x - Hence by (|3.22p . it is easy to get 

N 

Hl = Y J H^, P^-a.s. (3.24) 

Recall the decomposition of Ai +S in (|3.1|) . By Lemma 13. 11 we have for \p\ = m < a/ (26), 

Hf +S = e-^- mh)i - s+t) {^Xl) + e -^- mb ^ e~ {a ~ mb)s {<t> P , Is'')- (3-25) 

ueCt 

From the definition of X*, using (|2.59p and (|3.20p . we have 

P^,**)) 2 < 2P / ,((0 p ,^)-P M ((^,^)|^)) 2 + 2P At (p At ((0 p ,X*)|^) X2 

v 2 



= 2P M (Var 5 . (<P P , X s ), A t ) + 2P M (P 5 . A t } 2 ^ 0, as s -> oo. 

Hence Km,-**, e ~ (0 pj X*) = in L 2 (P M ). Thus lim^oo e -(o-^)(«+i) (0 p , X*) = in 

L 2 (P M ). Thus 

lim e - {a - mb)t V (</»„, /«>*\ e -(<*-m6) s = ff p in L 2/ p n (3>26) 

s— >oo * ' 

Note that under P,,, given Z t , e-^-^^^pjf 1 ) has the same law as Hf under Q(5 Zu(t) - Thus 
by (|3.23p . for each u G £t, e~( a ~ mb ^ s ((f) p , J"'*) converges in L 2 (P^) to a limit, denoted as H^' p . 
Furthermore, given H^"' p has the same law as i/^ under Q(S ZuW . 
We claim that, for each t > 0, 



fl-P = e -(«" mfe )* ^ fl£*rf>. (3.27) 



In fact, 



= p^|£Q^ (t) (#?-i^ 



) 2 



By (j!Q9]) . we have 



X^ P ) 2 < ^Var4.(fl?) < ^Pfe(^f) 2 < 1 + IM| 2|P| . 
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Thus Q Sx (Hs - HL) 2 < 2sup s > Q 5x {H P ) 2 < 1 + ||x|| 2 H. We can easily get that 

P M |ZtK(l + ||-|| 2 W),Z t )<oo. 

So by the dominated convergence theorem, we have lim^oo P^Q^ueC* e~^ a ~ mb ^ s (4>p, Is' 1 }— Hoo ' P ) 2 - 
0. Now the claim (|3.27|) follows easily from (|3.26p . 
Define 

H £ ■■= E E a P H %> t,p and # - := E E a v^- 

-y(f)<m<a/2b \p\=m 7(/)<m<a/26 |p|=m 

Recall the definition of in (fL~T9|) . By (J3T23D, we have 

U — V H u >° 
u£Co 

Under P^, are i.i.d. with a common law equal to that of under Qs x - Thus we have 

P^#oc = X*Q Sx H 00 , (3.28) 
Var^iJoo = X*Q Sx (H 00 ) 2 . (3.29) 

On the other hand, by Lemma |3.1| we get 

lim V e -(«-"«6)t V a p (<j> p ,A t )=H 00 , in L 2 (P 5 J. 

■y(f)<m<a/2b \p\=m 

It follows that 

P 5x H 00 = f {s) (x), (3.30) 

and by (1X1T]) . 

Var Sx H 00 = A r e- as T s i £ e"- £ a p J (x) da. (3.31) 

\7(/)<m<a/2b |p|=m / 

Proof of Theorem II. 9t By (|3.27p , we have 



E e(a ' mb)t E ^ = E H « 

y(f)<m<a/2b \p\=m u£C 



t 

oo • 



Consider the ]R 2 -valued random variable Ui(t): 



U x {t) := e- at \\k t l e-^\(f, A t ) - £ . (3.32) 

V u&Ct / 
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To get the conclusion of Theorem 11.91 it suffices to show that 

Ui(t) A (Woo, \/W^G 3 (f)). (3.33) 

Denote the characteristic function of U±(t) with respect to by Ki(6i,02,t) and let h{x,0) := 
expfoOHoo}. Then we have 

Kl (01.02,*) 

= P^ X pli0 1 e- at \\A t \\+i9 2 e-^\(f,A t ) - H^)\ 
I ueCt J 

= P At exp{iei e - at ||A t ||}exp{ie 2 e-( a / 2 ) t (/,A t )} JJ (z u (t), -0 2e -W 2 )') 

ueCt 

= P M e X p{^ ie - a '||Ai||}exp{^ 2e -( a / 2 )'(/,A t ) + X* (h(-, -d^ 2 ^) - l,A t )} . (3.34) 



The third equality above follows from the fact that, given At, Zt is a Poisson point process with 
density X*A t . By (1X28]) and (1330]) . we get Q^tfoc = f( s )(x)/X*. Let 

ifl . , - 1 



e(x,0) := fr(x,0) - 1 - j^f (s) (x) + -Q^^oo) 2 ^ 
and V(a;) := \'ars x H 00 . Then, by (|3.29p . we have 

id 2 e-W 2 *(f,\ t ) + A* (/»(-, -0 2 e- (a/2)t ) - 1, A t > 
= i9 2 e-^(f {l) ,A t ) - le 2 2 e- at (V,A t )+X*(e(;-9 2 e-WV%A t 



By (|3.5p . we have 



which implies that 



where 



2 

Ji(t) + Mt) + J 3 (t). 



\e(x,9)\ <9 2 Q Sx ( l^l 2 ( ^f^Al)} , (3.35) 



|J 3 (*)| < e 2 2 e- at {g{; t),A t ) 



g(x,t) :=Q Sx (\H^( e ~ la,2 y 5o ° 1 ^ 



It is clear that g(x,t) ! as i f °°- Thus 

P M |J3(*)| (T t ((/(-,t)), fi)->0, as t^oo, (3.36) 
which implies lim^oo ^(*) = in probability. By Remark 11.21 we have 

lim e~ at (V, A t ) = (V, if)W 00 in probability. (3.37) 

t— >oo 
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Recall that lim^oo e at ||At|| = Woo, P^-a.s. Therefore 

Urn exp{^ie" a '||Ai||}exp{J 2 (t) + J 3 (t)} = exp{i6>i Woo} exp{--6$(V, </?)Woo} in probability. 

(3.38) 

0. (3.39) 



Thus by the dominated convergence theorem, we get that as t — > oo, 

K 1 ^ 1 ,0 2 ,t)-P M exp{^ 2 e-( Q / 2 ) i (/ (O ,A t )}e X p{^iWoo}exp{-^ 2 2 (F, ^WxJ 
Since a < 2 , y(fn\)b, by Theorem 11.31 we have that as t — > oo, 

(e- af ||Ai||,e-( Q / 2 )'(/ (0 ,Ai)) A (W^, V^G x (/ (0 )), 
where Gi (/(;)) ~ -A/"(0, <7 2 (;) ). Therefore, 

limP.exp {^ 2 e- (a/2) *(/( 0) At)} e xp{-^ 2 (y, (^)Woo} 



(3.40) 



P M e^exp{--0 2 V 2 {;) +(V, ^»Woo}. 



(3.41) 



By (ET3TD . we get 



W v> = ^ E — V^: E 4 

x Tl ^ a- 2mb ^ p 

■y(f)<m<a/2b \p\=m 



The proof is now complete. 



□ 



3.4 The critical case: a = 2 r y(f)b 

To prove Theorem 11.51 we need the following lemma. The idea of the proof is mainly from [6] . 
Lemma 3.2 Assume f G V satisfies a = 2 7 (/)6. Define T t a f(x) := e at T t f(x) = ¥ Sx (f,X t ) and 

S t f ■= t-^e-^df^t) - T t a f(x)). 
Then for any c > and 5 > 0, we have 

lim ¥ 5x (\S t f\ 2 ; \S t f\ > ce St ) = 0. (3.42) 
Proof: We write t = [t] + et, where [t] is the integer part of t. Then 



Thus 



Stf = t-VVWa)* {(f,X t ) - {T?J,X [t] )) + rV2 e -(«/2)* ((T"/,X W ) - If /(*)) 
= f 1 /^-^/ 2 )* «/,X t ) - (T?J,X [t] )) + (IV 2 e — *' 2 S [t] (T?J). 



\S t f\ 2 ;\S t f\>ce St ) 



(3.43) 
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< 2r l e- at ¥ Sx (\(f,X t ) - (T«f,X [t] )\ 2 )+2 [ X-^F Sx (\S [t] (T«f)\ 2 ;\S t f\ > ce St 

< 2t- 1 e- at V Sx {\(f,X t )-(T«f,X [t] )\ 2 ) 



|e—'P & (\S [t] (T?J)\ 2 ; \S [t] (T£f)\ > ce a ^ 2 e s ® 



+2 T e " 

+2 | e — *P Sx (\S [t] (T e y)\ 2 ; \S [t] (T«f)\ < ce a ^ 2 e^\\S t f\ > ce St 
--: A 1 (t) + A 2 (t) + A 3 (t). 



To prove (|3.42p we only need to prove that lim^oo Aj(t) = for j = 1,2,3. In the following we 
give the detailed proof of lim^oo A 2 (t) = 0. The arguments for Ai(t) and A^(t) are similar and 
are omitted. To prove lim^oo A2(t) = we only need to prove, for m G N, 



hm sup P Sx (\S m (T?f)\ 2 ; \S m (I?f)\ > ce Sm ) = 0. (3.44) 

Let 

F(t,f,c,5) :=P Sx (\S t f\ 2 ;\S t f\>ce St 



Then (|3.44j) is equivalent to 



lim sup F(m, Iff, c, 5) = 0. (3.45) 

m-»oo < s< i 



Note that 

1/2 



S m+1 (T?f) = [—^) e-( Q / 2 )( m+1 )((rf/,x m+1 )-(rf +1 /,x m )) 

/ 1 \ 1/2 

+ V^TlJ e"W 2 )( m+1 ) «2? +1 /, X m ) - T« +s+1 f(x)) 

/ i \ V 2 / \ V 2 

= ( — TT ) ^ T "/)+ brZT e- a / 2 S m (T? +1 f), (3.46) 
\m + 1/ \ m + 1/ 



where i2(t, /) := e -( Q / 2 )(* +1 ) ((/,X t+1 ) - (Tf/,X t )). Thus we have 

F(m + l,Tf/, C ,5) 
< P, x (|5 m+1 (Tf /)| 2 ; |S m (7T +1 /)| > ce^V" 1 ) 

+P fc (\S m+1 (T?f)\ 2 ; \S m (T« +1 f)\ < ce a ' 2 e 5m , \S m+l (T?f)\ > ce 5 ^ 
=: Mx(m, T s a f, c, 5) + M 2 (m, T s a f, c, 5). 



Put 



A 1 (m,f,c,6) = {\S m (Jff)\ > ce^ 2 e Sm }, 

A 2 (m,f,c,8) = {|S m (Tf/)|< Ce Q / 2 e 5m ,|5 m+1 /|>ce <5 ( m+1 )}. 
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Since A^m, Iff, c, 5) G T m and F Sx (R(m, T?f)\ J r m )=0, we have by (^161) that 

771 

= — TT 1 ^ Tf/)| 2 ; Ai(m, Tf /, c, 5)) 

771+1 

m + 1 V / 

and 

M 2 (m,Tff,c,6) < -J^W Sx (\R(m,T«f)\ 2 ;A 2 (m,T«f,c,5)) 
m + 1 

+ Jm e _ a (| 5m (r« +1 /)| 2 ;A 2 (m,T«/,c,5)) . 

771 + 1 7 

Thus we have 

F(m + l,2?/,c,<f) < ^^ e -«F(m,Tf +1 /, Ce a / 2 ,,5) 

m + 1 V / 

+— T S Q /, c, «J) + G 2 (m, Iff, c,6)), 
m + 1 

where 

Gi(m,2f/,c,J) = 2P 5;c (IfiKT^lViK^/.c.JjU^KO,^)) 
G*{m,Tff,c,S) = 2me- Q F^(|S m (rf +1 /)| 2 ;A 2 (m,Tf/, C ,5)). 

Iterating {337}, we get 

F(m + l,Tff,c,S) < ——Y,z- ka Gi{™-hn +s f,ce ak t\5) 

m + 1 

fc=0 
_. m 

+— — ^ e- to G 2 (m - fc, Tf +S f, ce ak /\ 5) 
m + 1 

fc=0 

=: L 1 (s,f,rn) + L 2 (s,f,m). 
Therefore, to prove (|3.45p . we only need to prove that 

sup L\(s, f,m) — > and sup L 2 (s, /, m) — > 0, as m — )• oo. 

0<s<l 0<s<l 

First, we consider L\(s, f,m). Let /(x) = /(re) — X^|p|=7(/) a p4>p( x )- Denote 

A fc , m , s = A 1 (m- k, T£ +S f, ce ak ' 2 , 8) U A 2 (m - k, T^ +S f),ce ak ^,5). 
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Then we have 



2 

Li(sJ,m) = -—J2e- ka nA\R(rn-k,T£ + J)\ 2 -,A k>miS ) 

k=0 



. m 

4 



k=0 

+-rE e4 ^(l K ( m - fc ' e ° (M/2 E vWlV* 

771+1 r~~L . 



fc=0 bl=7(/) 

^ ^E e ~ fcap ^(™-w+s/)i 



4 



fc=0 



4e a m 

+ -VP^d^fc, V a P ^)| 2 ;^ m -fc, m ,. 

m + 1 

fc=o bl=7(/) 



= : L ljl (s,f ) m)+L lt2 (s,f,m). 
For Li ) i(s, /, m), by the Markov property, we have 

P^l^m-^J)! 2 = e- a ( m - fc+1 )p^((T fc %7,X m _ fc+1 )-(T fc V + i7,^ m ^)) 2 

= e- Q ( m - fc+1 )p (5:c (Var ( 5.(r s Q , fc 7,X 1 ), X m _ fc ) 

= e- a T ro _ fc (Vari.(3? +a 7,^i»(a;). (3-50) 

By ([02D, there exists r e N such that |T° + J(^)I = e a ( fc+s )|T fc+s 7(^)l < e ( Q / 2 ) fc e- fcfc (l + ||x|| r ) for 
< s < 1. So by (j2"H]l . we obtain 

Yar Sx (n +s f,X 1 )=Ae a f\ au T l . u [T u T^J] 2 {x)du < e ak e~ 2hk {l + \\x\\ 2r ), se[0,l). (3.51) 

Jo 

Thus P* B (|22(m - k,T£ + J)\ 2 < e ak e~ 2bk {\ + ||x|| 2r ). So, 

oo 

/- m ) £ — TT E e_m ( 1 + H x ll 2r ) £ — TT^ + INI'') m °°- ( 3 - 52 ) 
m + 1 m + 1 

fc=0 

Now we consider Li^(s,f,m). Using (|3.9p with i = k, s = 1 and the function / replaced by 
h ■= E|p|= 7 (/) a p4> P ( x )i we have 

R(k, Y, a P^p) = e-(«/ 2 )( fe + 1 )((/ 1 ,X fc+1 )-(T 1 "/ 1 ,X fc )) 
bl=7(/) 

= e-( a / a )f fc + 1 )((/i,Xf)-P fc ((/ 1> Xf)|a fc ) + e-^* E( y i U ' fc -^' fe ) 

«e£ fc 

=: J (&)+Ji(fe), 
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where Y^ ,k ,y^ ,k are defined in (|3.8p . So for any e > 0, 
L h 2(sJ,m) < ——^F Sx (\R(k, E °^)| 2 ) + ^-T E P *-0 J o( fc )l 2 5 V* A .) 

» / i | J> 1/(1 | X 



k<me \p\=^y(f} m€<k<m 



+ 



m + - 

me<k<m 



=: (I) + (II) + (III). (3.53) 

Using arguments similar to those leading to (|3,50p and (|3.5ip . we get 

F Sx R(k, E a^pf = e~ a T k (Var 5 ,{ ]T a p p , < 1 + \\xf^\ 
bl=7(/) bl=7(/) 

Thus 

(I)<6(l + ||x|| 2 ^)). (3.54) 

For (II) and (III), we claim that 

(i) |Jo(A;)| 2 and |Ji(/c)| 2 ,k = 1,2,... are both uniformly integrable with respect to Fs x ; 

(ii) sup jfc>me sup < s<1 P (5x (A m _ fe)m)S ) -^Oasm^oo. 

Using the claims, we have 

sup — — V W Sx (\J (k)\ 2 ;A m „ kms ) 
o< s <i m + l s-f 

< — ~t E n x (\Mk)f;\Mk)\>M) 

m + 1 ^-^ 

me<k<m 

+^—7 V sup P^(|Jo(/c)| 2 ;|J (/c)| < M,A m _ k ^ s ) 

m + l n<.^1 



me<k<m ^— 



< supP^d J (/c)| 2 ; | J (fc)| > M) + M 2 sup sup P fc (A m _ fc , m , ; 

k>l k>me0<s<l 

First letting m — > oo and then M — >• oo, we get 

sup — l — Y] P Sx (\ Jo(k)\ 2 ;A m _ kms ) -+ as?n-^oo. 

— me<k<in 

Similarly, we also have 



sup — ^- E n x (\Ji(k)\ 2 ;A m _ k 
<s<i m + l 



m .) 0, as m ^ oo. 



s< ~^ ' me<k<m 



Thus, we have 



limsup sup Li i2 (s,/,m) < e(l + ||x|| 27(/) ). (3.55) 

m— >oo 0<s<l 
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Letting e — > 0, we get linim—^oo supg< s< ^ -Li^s, f, m) — 0. Therefore, by (|3.52p . we get 

lim sup L\(s, f,m) = 0. 

m ^°°0<s<l 

Now we prove the claims (i) and (ii). 

(i) For Jo(k), by (|2.6ip . there exists r £ N such that 

V S JMh)\ 4 < e- 2a ^F Sx ((l + \\-\\ 4r ,X k ) + (l + \\.f r ,X k ) 2 ) 

< e -(*+2)« (1 + || x ||4 r) + e -2 a (fc+l) Pfc ^ + || . ||2r j X ^ 

Bv (l2T22]l and O^TT) . we get 

P & ((1 + || • || 2r ),^> = e ak T k (l + || • \\ 2r )(x) < e ak (l + \\x\\ 2r ), 
Yar 5x ((l + \\.\\ 2r ),X k )<e 2ak (l + \\x\n- 

So we have 

F 5x ((l + || • || 2r ),^.) 2 < e 2ak (l + \\x\\ ir )- (3.56) 

Thus sup fc>0 F$ x | Jo(/c)| 4 < oo which implies |Jo(/c)| 2 is uniformly integrable. 

For J±(k), from the proof of f|3. 13|) . we see that f)3. 13j) is also true when a = 2 n /{f)b. So we have 
Ji(k) 4 y/W^G where G is a Gaussian random variable. We also have F$ x \ J\{k)\ 2 — > Fs x W 00 G 2 . 
Thus, J\{k) is uniformly integrable by [10^ Theorem 5.5.2] and Skorokhod's representation theorem. 

(ii) Recall that 

A(m - k, m, s) = Ai(fc, T« +S _ fe /, ce^^ 2 , 5) U A 2 (k, T% +S _ k f, ce^^ 2 , 6) . 
By Chebyshev's inequality 

F 5x (Ai(k,T« +s _ k f,ce a ^- k y 2 ),6) < c- 2 e- a ^- k+1 ^- 25k F Sx \S k (TZ +s . k+1 f)\ 2 . 

By (12^11) and (gjjgp , we have 

F Sx \S k (T« +s _ k+1 f)\ 2 = k- 1 e-°*Var Sa {I% +a _ k+1 f,X k ) 

= Ak- l e 2 ^ m+s - k+1 ^ f e Q «r fc _ u [T u+m+s _ fc+1 /] 2 (x)(i S < e Q ( m+s - fc+1 )(l + ||x|| 2r ), (3.57) 
Jo 

which implies 

sup sup P 5:c (Ai(fc,r° +s _ fc /,ce Q(m - fc)/2 ),5) < sup e- 25k (l + ||x|| 2r ) -> 0, m -> oo. (3.58) 

fc>meO<s<l k>me 

It is easy to see that 

A 2 (fc,T£ +s _ fe /,ce^- *>/*,*) C 2^ fc /)| > ce^^VVv^ + T- Vfc)} . (3.59) 
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Similarly, by Chebyshev's inequality, we have 

F Sx (A2(k,T- +s _ k f,ce^ m - k y 2 ),5) < c~ 2 e'^^ e~ 25k {e 5 sfk + l - y/k)- 2 F Sx \R(k, T« +S _ k f)\ 2 . 
Using an argument similar to that leading to (|3.50p . we get 

F Sx \R(k,T« +s _ k f)\ 2 = e- a T k (Yar s .(T^ +s _ k f,X 1 ))(x), 
so using an argument similar to that leading to (|3.5ip . we obtain 

NanAT^J^X,) < e «("-*)(l + \\xf r ), (3-60) 
which implies F Sx \R{k,T£ +s _ k f)\ 2 < e a ( m " fc )(l + ||x|| 2r ). Thus 
sup sup F 5x (A 2 (k,T^ l+s _ k f,ce^ m - k y 2 ))< sup e ~ 25k (e 5 VkTT - Vk)- 2 (l + \\x\\ 2r ) -> 0, (3.61) 

k>te0<s<l k>me 

as m — > oo. Claim (ii) now follows easily from (|3.58j) and (13.61 f) . 
To finish the proof, we need to show that 

1 m 

sup L 2 (s,f,m)= sup ——J2 e ~ a{m ~ k) G 2 (k,TZ +s . k f,ce^ m - k y 2 ,5)^0, m ^ oo. 
0<s<l o<s<i m + i f— * 

(3.62) 

By (|3.59p and Chebyshev's inequality, we have 

G 2 (k,TZ +s . k f,ce^ m - k ^ 2 ,5) 
= 2e~ a kF Sx (|5 fc (r° +s „ fc+1 /)| 2 ;A 2 (fc,r« +s _ fc /, C e a ( m - fc )/ 2 ,<5)) 

< 2e- a kce^ m - k+1 ^ 2 e 6k F 5x (\S k {T^ +s _ k+ ^ 

< 2kce 5k+a{ ~ m - k -^ 2 F 5x (\S k (T« +s _ k+ J)\;\R(k,TZ +s . k f)\ > ce Sk+a ^ m - k \e S VkTT-^k)) 

< 2c- 1 e- a ^ k+i y 2 ~ 5k (e s VkTl- Vk)~ 2 kF Sx {\S k (T^ +s _ k+l f)\\R(k,T^ k f)\ 2 ) 

< e - Q(m - fc )/2- 5fcp ^ (|5 fc (T° +s _ fc+1 /)|| J R(A;,C +s _ fc /)| 2 ) 

= e-^^e-^Pi. (|5 fc (2^ Jb+1 /)|{Var a: (2^- jb /, Jr!),^*)) . 
By (pTBOjh we get 

P fe (|5 fc (^_ fc+1 /)|(Var 4 .(2^ +- _ fc / ) Xi),X fc )) 

< e a (— fc )p fe (|5 fc (r° +a _ fc+1 /)|((l + || • \\ 2r ),X k )) 

< e^ m ~ k ^F Sx (\S k (T« +s _ k+1 fW) F 5x ((l + || • p),*fc> 2 - 
Thus by (|3"37j) and (133B1) . we get 

Pfc (I^C^-fc+i/JKVa^^-fc/.X!), Jf fc » < e «(™-*) e «(™+*)/2(i + ||xf), 
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which implies 



Therefore, we have 



^ m 

sup L 2 (s,f,m) < -V er Sh (l + ||x|| 3r ) ^ 0, m oo. (3.63) 

0< s <l m + 

Hence, lim^oo A 2 (t) = 0. □ 
In the following lemma we give a result similar to Lemma 13.21 for the process I. 

Lemma 3.3 Assume f G V satisfies a = 2-y(f)b. Define 

Y*(f) := t-V2 e -W2)t {{fJt) _ q Sx{fJt)) . 

Then for any c > and 5 > 0, we /iaue 

KmQ 5x (\Y t *(f)\ 2 ; \Y t *(f)\ > ce 5t ) = 0. (3.64) 



Proof: Recall the decomposition in (|2.4p . Define 

S * =r l/2 e -(a/2)t {{fj x t) _p sMj X t )), 

S t = t- 1 / 2 e-^ t ((f,A t )-P Sx (f^t)), 

and 

y t = t -l/2 e -W2) t(a/t) _ p&(/)/t))> 

Then we have Y t = St — S% . Thus 

P^d^l 2 ;!^! >ce^) < P^(|y t | 2 ;|S t | > (c/2)e 5 <) + P^(|Y t | 2 ;|S t *| > (c/2)e 5t ) 

< 2P^(|S i | 2 ;|^| > (c/2)e 5i ) + 2P^(|^| 2 ) + P^(|Y t | 2 ;|^| > (c/2)e 5t ) 
= h(t) + I 2 (t) + h{t). 

By Lemma |3.2| we have lim^oo I\{t) = 0. By (|2.59p . we have 

h{t) = 2t- 1 e- at Var 5x {f,X t ) -> 0, t -> oo. 

Since and X are independent, we have 

/ 3 (0 = P 5 ,(|y| 2 ) P fc (|5?| >(c/2)e 5t ). 

Since 5 t = S£ + Yj, and S% and It are independent, by (|2.38p . we get 

VsM\ 2 ) = VsA\St\ 2 ) - Ps x (S*t\ 2 ) t -> oo. 
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By Chebyshev's inequality, we have 

Pa.(|5?| > (c/2)e 5t ) < (c/2)- 2 e- 25t )P 5x (\S* t \ 2 ) -+ 0, oo. 
Hence lim^^ I%(t) = 0. Thus 

P 5x (\Y t \ 2 ;\Y t \>ce 5t )^0. (3.65) 

Recall that under P^, It = Ylj=i Hi where P ,j = 1, ... are independent copies of I under Qs x , 
and are independent of N. Thus, 

PsMfl \Yt\ > ce 5t ) > PsMl 2 ; \Y t \ > ce St ,N = 1) = P Sx (N = l)Q Sx (\Y t *(f)\ 2 ; \Y t *(f)\ > ce St ) . 

Since Ps x ( N = 1) > 0, d3^MD follows easily from (13^651) . □ 
Now, we are ready to prove Theorem 11.51 

Proof of Theorem 11.51 The proof is similar to that of Theorem 1 1.31 We define an R 2 -valued 
random variable by 

U^t) := (e- Q W ||A t || ,t- 1 /2 e -W2)(*) (/5 At)) . 
We need to show that as t — > oo, 

Ui(t) -4 (W^, Vw~G 2 (f)), (3.66) 
where G^Cf) ~ A/"(0, p 2 ?). Let n > and write 

U^nt) = (e~ a ^ \\A nt \\ ,(nt)- 1/2 e - (Q/2)(nt) </,A n i)). 
Recall the representation (|3. 1 1) . Define 

If ' n := ((n - l)t)- 1 /2 e -«(n-i)*/2 </) jj*_ i)t) and % «,n := p^y^l^). 

y"' n has the same distribution as Y t n := ((n - l)t) -1/2 e -a ( n-1 )*/ 2 under Q<5 Zti(t) . Thus 

+ (nt)^ 1 /2 e -W2)ntp^ (/)An4) |^ ) 

= : J£(i) + J?(i) + J£(i). (3.67) 

Put V s (x) := Var 5x (f,X s ). Then by (f!T59j) . there exists r £ N such that V^(x) < e _Q * s (l + \\x\\ 2r ). 
From the definition of A*, we have 

P^{tf = (nty^^P.dV^^At)) = (nty^-^-^iTtiV^^fj,) 
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< (ni)- 1 e - a ("- 1 >* e - a *(»- 1 ) t 0, ast^oo. (3.68) 
Using an argument similar to that in the proof of Theorem 11.31 we can get 

P^(i) 2 = A(nt)- l e< n - 1 * [ [\ au T^ u [T {n ^ )t+u f} 2 (x)dsp(dx) 

JR d JO 

< n- 1 . (3.69) 
Combining (I3.68|) and (|3.69|) . there exists c > such that 

limsupP M (J n (i) + J£(t)) 2 < c/n. (3.70) 

t— >oo 

Now we consider Jf(t). We define an M 2 -valued random variable U2(n,t) by 

U 2 (n,t) := (e- at \\A t \\,e-^ £ (I?*" " «r)l ■ 
V tied / 

We claim that 

U 2 (n, t) A (Woo, VW^G 2 (f)), as t -> 00. (3.71) 

Denote the characteristic function of U2(n, t) under P M by k 2 (9i, 02, n, t). Using an argument similar 
to that leading to (f3"7T4j) . we get 

K2(e u 9 2 ,n,t) = P /i (exp{^ 1 e- a *||A t ||}exp{A*(/ i f(- ; - 1, A*}}) , 

where /#(x,0) = Q 5i e ifl ( y "- Q «* y "). Define 

e?M) := hUx,6)-l + ±9 2 Y Sx Y t n 

and V7(x) := V^F/ 1 . Then 

exp{A*<^(, e-W<h)-l,A t )} 

= e W {-h*9 2 2 e- a \vr,A t }}exp{\*(en-,e-^ t 62),At)} 
=■ Ji,i(n,t)Ji^(n,t). 

We first consider Ji t i(n,t). By (|2.37p . we have that as t — > 00, 

e - at (\X*V t n - p}\,A t ) <t- 1 e- at ((l + \\x\\ r ),A t ) ->-0 in probability. 

It follows that 

lim e~ at (\*V t n , A t ) = lim e~ at (p 2 f , A t ) = plW^ in probability, (3.72) 
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which implies that lim^oo J\ i(n,t) = exp j — ^AfP/Woo}- 
For Ji i2 (n,i), by ()3.5|) . we have, for any e > 0, 

\enx,e-^ t 9 2 )\ < ^ 2 | 3 e-i Q *Q^ (\Y t n - Q^Y/f ; \Y t n - Q s Y t n \ < ee at ' 2 ) 

+0le- at Qs x (\Yr - QsY^ 2 ; \Y t n - Q 5 Y t n \ > ee at ' 2 " 



< {\0\lz- at Qs, (\Y t n - Qs x Y t n \ 2 ) 



+0 2 2 e- at Q 5x (\Y t n - Q Sx Y t n \ 2 ; \Y t n - Q Sx Y t n \ > ee at / 2 



= -\0\ 3 2 e- at V t n (x) + 9 2 e- at F?(x), 

where F t n (x) = <Q Sx (\Y t n - Q Sx Y t n \ 2 ; \Y t n - Qg x Y t n \ > ee at / 2 ). It follows from Lemma E3] that 
limj^oo Fp(x) = 0. By (I2.53D . we also have 

F?(x) < Q Sx {\Y t n - QsY t n \ 2 ) < 1 + \\x\\ 2r . 

Note that 

e- at P,(F t n (x),A t ) = (T t (Fn^). 

Thus by the dominated convergence theorem, we get lim^oo e~ at P fl (F™(x), At) = 0. It follows 
that e~ at (F[ l (x), At) — > in probability. Furthermore from (|3.72p . we obtain that as t — > oo, 

e -0le- at {V t n , A t ) -> ^0 3 2 p 2 f Woo in probability. 

Thus, letting e — > 0, we get that as t — > oo, 

(|e"(x,e- (a/2) *0 2 )|,A t ) in probability, (3.73) 

which implies Ji t2 (n,t) — > 1 in probability, as t -> oo. 
Thus, when t — > oo, 

exp{A*<^(-, e-^ 2 )^ 2 )-l,A t )} ^expj-i^^j (3 u) 

in probability. Since is a characteristic function, its real part is less than 1, which implies 

|exp{A*(^(-, e-( a / 2 ^ 2 )-l,A t )}|<l. 
So by the dominated convergence theorem, we get that 

ttm k 2 (0i,02,M = P M exp{^ 1 W 00 }exp|-^ 2 /3 ^ 00 |, (3.75) 
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which implies our claim (|3.7ip . By (|3.7ip . we easily get that as t — > oo, 

U 3 (n,t) := (e- a ^\\Kt\\,Jnt))^(W 00 ,^^V^G 2 (f)). 

Let C(nt) and C n (t) be the distributions of U\(nt) and Uz{n,t) respectively, and let C n and C 
be the distributions of {Woo, \J^^-\fWZ,G2{f)) and (Woo, VWooCM/)) respectively. Then, using 
(|3.4p . we have 

limsup/3(£(nt),£) < limsup[^(£(nt), £ n (t)) + /3(£ n (t), £ n ) + /3(£ n , £)] 

t— >oo t— ¥0O 

< limsup(P At (J n (i) + J 2 n (t)) 2 ) 1 / 2 + + /3(£ n ,£). (3.76) 

t— >oo 

Using this and the definition of lim sup^^ , we easily get that 

lim sup p (C(t),£) = lim sup p(C(nt),£) < \fcf^ + (3(C n , C). 

t— >oo t— >oo 

Letting n — > oo, we get limsup^^ f3(C(t), C) = 0. The proof is now complete. □ 
Proof of Theorem I1.12t First note that 

t- 1/2 \\x t \\-^ Uf,x t ) - e(a ~ mb)t E a ^ 

\ j(f)<m<a/2b \p\=m 

= t-v^x4-v*{f {cl) ,x t ) + t-^x t \\-^ ((f (s) ,x t )-j2^- mb)t E op*** 

\ n=l \p\=m 

= ■■ Jl(t) + J 2 (t), 

where fr^) = fa) + f( c )- By the definition of we have (/( s ))( c ) = 0. Then using Theorem 11.91 
for /(,,), we have 

\\XtW~ 1 ' 2 (</«,**> - ^ e (-^)* £ 0,^5, ) A G!(/ (s) ). (3.77) 

Thus 

J 2 (t)4o, t^oo. (3.78) 
Since a = 2~f(f( c i))b, so using Theorem 11.51 for /( c ;), we have 

(e- at \\X t \\, J t (t))) 4 (W*,G 2 (/ (d) )), (3.79) 

where G 2 (/ (d) ) ~ Af(0, pj (cj) ). By (HZZD, we have p 2 ^ = A^ W=a/ 2^p) 2 - Combing d33HD and 
(|3.79p , we arrive at the conclusion of Theorem 11.121 □ 
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